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1.  Introduction

ANY laminated composite structures that have a curved por-
tion, such as an angle bracket, a co-curved web, or a frame, are
used for aerospace structures,! because design requirements often
necessitate the use of complex geometries in the fabrication of load-
bearing components. In such curved portions, a tensile radial stress
happens under some loading conditions.?~* In the curved region of a
laminated structure, two major modes of failure were observed, i.e.,
transverse matrix cracking due to bending stress and interlaminar
delamination due to high interlaminar normal stress in the thickness
direction. If delamination occurs first, then a total failure, i.e., final
failure, of the structure results. However, the. structure usually can
sustain additional loading after initial transverse matrix cracking.
Under increasing loading, these matrix cracks would cause delam-
inations that would lead to the total collapse of the structure.2*3
Thus, a delamination between layers may be caused by the interlam-
inar normal stress in the middie region of such laminate far from its
free edge, whereas in a flat laminate it always begins to expand nec-
essarily from a free edge. Therefore, for investigating the strength
of curved laminates the radial stress must be evaluated accurately.
In this paper, cross-plied curved composite laminates are ana-
lyzed for stress and failure using the two-dimensional finite element
method (FEM). The strength for in-plane failure of each layeris pre-
dicted using the Tsai-Wu criterion, and the maximum radial stress
criterion is used for a delamination. These two strengths are inves-
tigated for various lay-ups. The three-dimensional FEM is carried
out for indicating the validity of the two-dimensional FEM.

II. Effect of Stacking Sequence on the Strength of
Cross-Plied Curved Composite Laminate

The effect of the stacking sequence on the strength of cross-plied
curved composite laminates shown in Fig. 1 is evaluated. Plane
stress state on the x—y plane is assumed and the two-dimensional
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FEM is carried out. The material constants, the strength properties,
and the dimensional parameters are assumed here as follows:

L,=10mm, L,=10mm, Ry=8mm
R; = 5 mm, t =3 mm, E; = 140 GPa, E;r =11GPa
G.r = 5.84 GPa, Grr = 4.44 GPa, ver = 0.3
vrr =028, . F, =150GPa, Fr . =1.00GPa

Fr, =0.0685 GPa, Fr,=0.194GPa, Fir=0.115GPa

One of the strengths is concerned with the in-plane failure of each
layer, and it is assumed to be estimated by means of the Tsai-Wu
criterion.%” The coefficient F}, used in it is assumed to be —0.5
according to Ref. 10. The other strength is related to the delamina-
tion on the interface between two adjacent layers and is estimated
as follows: ' :

or = Fr, - Y

Although the delamination strength isn’t the same for each inter-
face of 0/0, 0/90, and 90/90 deg, the exact values are not known,
so the preceding assumption is done in this paper also.>3 As typical
stacking sequence, six are carried out

L1 [04/903/05]sym, L2: [07/903/02]sym;
L4: [09/903)sym, - L5: [02/9010)sym;

L3: [02/ 903/ 07]sym
L6: [04/903/06/903/05]

where the stacking sequence is written from its inside and the 0-deg
layer means that fibers go on the x—y plane along its arc and the
90-deg layer means that they go along the out-of-plane direction,
i.e., z direction.

Table 1 shows the results under the upward external load. The
magnitude of the load when the failure mode begins to occur, the an-
gle of circular arc, and the layer number of the location where the
failure occurs are shown in the table. For delamination, the location
of the interface is written,

From comparing L1 with L2, it is shown that the shift of 90-deg
plies to the middle increases the in-plane failure strength with a

Table 1 Failure loads for in-plane failure and interlaminar
delamination together with location where its failure occurs
under upward external load for various lay-ups

In-plane failure Delamination
Location Location
Load, Angle, Load, Angle,
Lay-up N/mm deg Layer® N/mm deg Interface®
L1 440 15 5(90) 61.1 25 10.(0), 11 (0)

L2 482 25 8(90) 58.1 19
L3 39.7 15 3(90) 56.5 25
L4 516 25 10(90) 583 19
L5 31.2 15 3(90) 64.9 15
L6 45.5 15 5(90) 624 25

7 (0), 8 (90)
10 (0), 11 (0)

9 (0), 10 (90)
3(90), 4 (90)
10 (0), 11 ()

2Number of layers from its inside, and the figure in parentheses indicates the
fiber angle.
bInterface between two layers.

s t
y
P 7
N
Py 24th Layer
: 2nd Layer
— 1st Layer
Lp
0

z/ -

Fig.1 Cross-plied laminate with a quarter of circular arc.
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Fig.2 Comparison on distribution of radial stress o, through thickness
at the location where a delamination is predicted to occur under upward
external load. ’

decrease of the delamination strength. The broken layer is the most
inner 90-deg ply in both lay-ups. The location of the delamination
is the interface between inner 0-deg plies for L1 but is the interface
between the most inner 90-deg ply and its just outer O-deg ply for
L2. The shift to the opposite direction reduces both the in-plane and
delamination strengths as comparing L3 with L1. Comparison of L.1
with L5 indicates that the addition of 90-deg ply with a reduction of
0-deg ply increases the delamination strength with a considerably
large decrease of the in-plane failure strength. The broken layer
for L5 is the most inner 90-deg ply, that is the same case as L1.
The completely reverse phenomenon to LS5 happens for L4. From
the comparison of L1 with the unsymmetric lay-up L6, the shift of
neutral surface to the outer direction can increase both strengths.
The location of the failure is similar to that for L1.

Figure 2 shows the distribution of radial stress o, through the
thickness where the delamination is predicted to occur for each lay-
up. It is noted that the inspected radial location is different from
one another; for example, the angle is 25 deg for L1 and 19 deg for
L2. It is indicated that the change of the stress is large in the 0-deg
ply and small in the 90-deg ply. Because there is no 0-deg ply in
the middle section for LS, there is no increase of o,, and thus the
delamination strength is considered to increase. Contrarily, L2 and
L3 have 0-deg plies at the region where o, becomes large, and so
o, becomes larger there. These facts are fairly consistent with the
delamination strength as shown in-Table 1.

Under the rightward external load, because o, is very small under
this loading, the delamination strength is far larger than that under
the upper one, and the in-plane failure is predicted to occur at the
joint between the curved portion and the vertical flat laminate. Under
the downward external load, a delamination cannot occur because
o, is negative everywhere in a curved portion. The result for the
leftward external load is similar to the result for the upward load.
Therefore, these results are not shown here.

III. - Three-Dimensional Stress Analysis

Tt is well known that the interlaminar stresses come to occur near a
free edge of a flat laminate, and the region where those interlaminar
stresses are dominant compared with in-plane stresses is limited
to the region within the distance of the total laminate thickness
from the free edge. For the cross-plied laminate, t,, and o, are
the only nonzero interlaminar stresses.>® On the other hand, for
a curved laminate the distribution of the interlaminar stresses has
not been investigated yet. If the similar fact that they are limited
to the small boundary region of the curved laminate is not proven,
the results by the two-dimensional analysis come to be only partly
meaningful. Therefore, the three-dimensional analysis is carried out,
and the stress distribution of the curved cross-plied laminates is
evaluated.

The cross-plied laminate with a quarter of circular arc shown in
Fig. 1 is analyzed, where the dimensional parameters are the same
as those in Sec. II, and the width w is assumed to be 25 mm. The
analysis is carried out for the simplest lay-up, L4. The analysis is
executed for the half-part of it because of its symmetry to the plane
of z = 0. Figure 3 shows the normal interlaminar stress o, with z
coordinate as a parameter of the location of the radial direction on
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Fig. 3 Distribution of the normal interlaminar stress o, with { as a
parameter of the radial location £ on the plane of 8 = 45 deg, where

¢C=z/(w/2)and £ = (r — R)/t.

the plane of 8 = 45 deg. The abscissa is the normalized distance
of z direction, ¢ = z/(w/2), and the ordinate is the normalized
stress. The parameter £ = (r — R;)/t indicates the normalized
radial distance from its inside. In Fig. 3, o, is nearly constant within
¢ = 0.76, that is, the distance of the laminate thickness from the
free edge and is perfectly the same as the two-dimensional FEM
analysis. The region where the distribution changes prominently is
only outside from ¢ = 0.95 for all £. The interesting fact is that o,
of the 90-deg ply increases and the one of 0-deg ply decreases near
the free edge. .

The magnitude of t,, is lower approximately by one order than
oy; Ty, is kept nearly zero in the center region and begins to in-
crease at about { = 0.6 and continues to increase. And it decreases
abruptly near the free edge. The other interlaminar stress 7,4 has the
same order as 1,, and the similar tendency to o,. These results are
not shown here. These facts are consistent with the flat cross-plied
laminate.

Consequently, the results of the two-dimensional analysis are con-
sidered sufficiently accurate almost all over the curved laminate
except for the very small region near the free edge.

IV. Conclusions

Cross-plied curved composite laminates are analyzed for stress
and failure. They have two major modes of failure, in-plane failure
and interlaminar delamination. The effect of stacking sequence on
the strength of cross-plied curved composite laminates is evaluated
considering the distribution of radial stress by the two-dimensional
FEM. The strength for in-plane failure of each layer is predicted
using the Tsai~Wu criterion, and the maximum radial stress criterion
is used for a delamination. It is shown that the simultaneous increase
of these two strengths should be possible by the following ways: 1)
the shift of the 90-deg ply to the middle and 2) the shift of the neutral
surface of the laminate to the outer direction. The three-dimensional
FEM is carried out at the same time, and the validity of the two-
dimensional analysis is verified except for the very small region near
the free edge of curved laminates.
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Analysis of Thick Multilayered
Anisotropic Plates by a Higher
Order Plate Element

Marco Di Sciuva* and Ugo Icardit
Politecnico di Torino, 10129 Turin, Italy

I. Introduction

N two-dimensional approaches, laminated anisotropic plates and
shells have been extensively studied by means of the classical

lamination plate theory (CLPT) and the first-order shear deformation -

theory (FSDT).

The fact that some important modes of failure are related to in-
terlaminar stresses motivated researchers to search for higher order
modeling approaches that will serve the purpose of giving predic-
tions of acceptable accuracy and at the same time will be capable
of being implemented in practice. -

In the literature are found a number of higher order shear de-
formable models; these models can be grouped into three categories!
as follows. 1) Approaches based on an assumed global (i.e., for
the whole laminate) nonlinear distribution along the thickness of the
in-plane displacements or the transverse shearing stresses (smeared
laminate models). Since the power expansions in the x; coordinate
belong to the C! class of functions at least (continuity of func-
tions and their first derivative), incompatible transverse stresses
appear at interfaces of adjacent layers if the layers have different
mechanical properties. 2) Approaches based on an assumed piece-
wise displacement or stress distribution in the thickness direction
(discrete-layer models). Most of the models of this class impose
continuity conditions as constraint conditions on each layer, re-
sulting in the number of governing equations increasing with the
number of layers in the laminate. 3) Zig-zag models based on piece-
wise linear or nonlinear through-the-thickness displacement distri-
butions having discontinuous derivatives to allow for appropriate
jumps in the strain and stress using the same number of displace-
ment variables as in the corresponding smeared laminate models. In
the following we will be interested in the zig-zag models. Specif-
ically, we will make reference to the general formulation recently
given by Di Sciuva.? The development of shear deformable, mul-
tilayered anisotropic plate finite elements follows the same path
as in the analytical modeling approaches. For a review of the ex-
tensive bibliography on the subject, see the references quoted in
Refs. 3-5. In effect, as a basis for the formulation of plate ele-
ments of this type, many investigators have employed the smeared
laminate models, whereas others make use of the discrete-layer
models. In the first approach, the multilayered anisotropic plate
element is reduced to an equivalent single anisotropic layer ele-
ment. Many of the finite element formulations belonging to the
second group make use of at least one solid or plate element per

Received Oct. 11, 1994; revision received May 5, 1995; accepted for
publication Aug. 10, 1995. Copyright © 1995 by the American Institute of
Aeronautics and Astronautics, Inc. AH rights reserved.

* Associate Professor, Department of Aerospace Engineering, Corso Duca
degli Abruzzi, 24.

TSenior Researcher, Department of Aerospace Engineering, Corso Duca
degli Abruzzi, 24. )

layer in the thickness direction. Then this approach requires numer-
ous unknowns, and as a consequence, these formulations become
nontractable in the solution of practical engineering problems. The
multilayered anisotropic plate finite elements formulated on the ba-
sis of the zig-zag plate models overcome this drawback because
the number of nodal parameters is independent of the number of
layers.>*

Based on the refined third-order zig-zag plate model, Di Sciuva
et al.* recently formulated an eight-noded general quadrilateral plate
element with 56 degrees of freedom (DOF): 10 DOF of the comner
nodes (the two in-plane displacements, the two-shear rotations, the
transverse displacement and its first and second derivatives) and
4 DOF per midside node (the two in-plane displacements and the
two shear rotations). Thus, this plate element is characterized by
a quadratic variation of the in-plane displacements and shear ro-
tations and quintic variation of the transverse displacement in the
element. Only preliminary numerical results were given in Ref. 4.
The purpose of the present Note is twofold: 1) to give a brief review
of a recent generalization of the zig-zag approach to anisotropic
multilayered plates of general lay-ups and 2) to further substantiate
the accuracy of the developed eight-noded, curvilinear quadrilat-
eral plate element. To this end, finite element solutions for thick-
ness distribution of transverse shear stresses are compared with
analytical results from three-dimensional elasticity and other ap-
proximate two-dimensional plate models. The numerical investiga-
tions performed in previous works and in the present one reveal
the superiority of the zig-zag approaches on the other approximate
bidimensional models.

II. Multilayered Plate Model

We consider a plate of constant thickness 2 made of N parallel
thin layers of anisotropic materials perfectly bonded together. The
thickness of each layer is assumed to be constant and the material
to possess a plane of elastic symmetry parallel to the plate reference
surface . Material properties and thickness of each layer may be
entirely different. Let x, be a rectangular Cartesian frame! on Q, x3
being the normal to 2. (In-this Note, if not otherwise specified,
the Einsteinian summation convention over repeated indices will be
adopted with Latin indices ranging from 1 to 3 and Greek indices
ranging from 1 to 2.) In developing a multilayered plate model that
fulfills the contact conditions on the transverse shearing stresses, we
assume the following displacement field? (in developing the plate
model, we assume o33 = 0):

Ha (%)) = ua () + Uax)); fa(x;) = u’(xg) (1)

where
R
() =Y L0 (xs)ud (xp) @
r=0

gives the contribution to the in-plane displacement that is continuous
with its derivatives with respect to x3 (this is the classical expansion
used in the smeared laminate models); )

N-1
Ua(x) = D P (xp)[xs — x| Hy 3)
k=1

gives the contribution to the in-plane displacement that is contin-
uous with respect to x3, but with jumps in the first derivative at
the interfaces between adjacent layers. Here, H, = H[x; — x3(’°)] is
the Heaviside unit function and ¢ (x,) are functions to be deter-
mined by satisfying the contact conditions on the transverse shearing
stresses at the interfaces. The details of the derivation are given in
Di Sciuva.? The functions L% (x3) can be given by any set of linearly
independent functions, with at least continuous first derivatives with
respect to x3.

As discussed by Di Sciuva,? many multilayered plate models
proposed in the literature can be obtained as special cases of the
previous one. Here we will focus our attention on symmetric lam-
inated plates in bending. For these plates, let the reference surface
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